1. Introduction. Let Qk be the set of all monic polynomials of degree k > 0 with real coefficients. Let Sx be the set of all those subsets of the interval [-1, +l] which contain -1 and +1 and have at least one point in each closed subinterval of length h. What is the minimum value of maxxe,|ff(x)| as q ranges over Qk while a ranges over Sx? When h = 0, the only member of SA is the entire interval [ -1, -f-1 ] , so that in this case the problem has the classical solution due to Tchebichef, max | q(x) \ ^ max | Tk(x) \ = 21-k, xec -lgigi where Tk(x) is the monic Tchebichef polynomial, Tk(x) = 21~k-cos (k arc cos x). (See, for example, Natanson [3, Chap. II] .) When k = l, (1 -1) holds for every <r£SA independently of the value of h; so we henceforth take k>l. When h^2/(k -1), the problem is trivial, since maxje" |<z(x)| attains zero as its minimum value for tr= {xo, xi, • • ■ , Xi_i}, g(x) = (x -x0)(x-Xi) • • • (x -xfc_i), where x,= -l+2i/(k -1). There remains the case, 0<h<2/(k -1); and the object of this paper is to construct for any h in this range a polynomial Tih)(x) in Qk and a subset a* in Si, which together minimize maxl£, |</(a0| on the product space OjiXSx. This result is obtained in Theorem 4. The corollary is used in another paper [2] to derive an irreducibility criterion for polynomials over the rational field. The polynomials Fjf'(x) are defined and their relevant properties established in §3. §2 is a preliminary section in which are developed the required properties of certain Hahn polynomials involved in the construction of ^(x).
2. Certain Hahn polynomials. The solution to our problem depends upon the properties of the Hahn polynomials P(^,e,y)(x) with the special parameter values a= ±1/2, /3= +1/2. (All properties of the Hahn polynomials needed here as well as references to other literature on these polynomials can be found in the author's paper [l] .) To simplify the notation we define 
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(2-2) Smix) = S*\x) = ^ PT^W f^±l^\
with the understanding that 2?0(x) =5o(x) = £/o(x) = F0(x) = 1. These are all monic polynomials of degree m with real coefficients. Each of the following formulas can be readily obtained by specializing the indicated formula from [l] .
(2-5) and (2-6) hold for rez^O, the rest for m ^1.
Next, we establish the formulas,
To prove (2-13) we multiply (2-5) through by R"(x) and (2-6) by Sm(x) and find that
where
The bracketed expressions in the left members are polynomials in x, which thus have equal first differences with respect to x. Hence, we conclude that
where A is independent of x. To evaluate A, we set x= -1 and find
by (2-9), (2-11), which yields (2-13). (2-14) is derived similarly by using (2-7), (2-8) to obtain
and then applying (2-10), (2-12).
Next we consider the location and interlacing of the zeros of these polynomials.
Theorem 2-1. Let 0<h<l/m, m^l. Then R%\x) and S{^(x) have all real and simple zeros, ri<r2< ■ ■ ■ <rm and Si<s2< ■ ■ ■ <sm respectively, which are located and spaced as /ollows: The proof is the same as in the preceding theorem except that in establishing (2-21) we utilize the result that there is precisely one zero of P£+1,s+1''y-1)(x) in each interval (a,-, a,+i-l) [l, Theorem 7].
3. The polynomials Tih\x). We define the polynomials Tkix) = Tth\x) as follows for k odd and even respectively:
where Ck(/j) is defined by (2-13a) and (2-14a). F4(x) is evidently a monic polynomial in x of degree k>0 with real coefficients. From (2-13) and (2-14) respectively we have at once (3) (4) T2m(x) = ix2 -1) Um-iix) Um-iix -h) + C2m im^l).
Next we prove the following pair of theorems.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Theorem 3-1. Let 0<h< 1/m, m ^ 1. In the notation 0/ Theorem 2-1,
when and only when (3-5b) x ^ 1 or r, ^ x g r,-+ h /or any i.
Also, (3-6a) F2m+1(x) g -C2m+i (3-6b) x ^ -1 or 5; ^ 1 5 j; + J /or arey i.
Theorem 3-2. Let 0<h<2/(2m -l), m^l.
In the notation 0/ Theorem 2-2, (3-7a) F2m ( Also, (3-8a) F2m(x) g -C2m when and only when (3-8b) ii,-^ x ^ Vi+ h /or any i.
Equality holds in (3-5a) if and only if it holds in (3-5b) , and similarly for (3) (4) (5) (6) , (3) (4) (5) (6) (7) , (3) (4) (5) (6) (7) (8) . We give the proof for (3) (4) (5) (6) (7) . The other three cases do not differ significantly. From (3) (4) it is clear that T2m(x) = C2m when x = + 1 and when x = w,-and x = u, + h (i=l, 2, ■ • ■ , m -l). Let xi>l. In view of (2-19), there is no zero of Z7m_i(x) in the interval, Xi -hf^xf^Xi. Consequently, Um-x(xi -h) and c7m_i(xi) have the same sign, and so, by (3-4), F2m(xi) > C2m. Similarly, for a point x2 < -1, T2m(x2) > C2m. Next, consider a point x3 such that for some zero «,• of Um-i(x), (3) (4) (5) (6) (7) (8) (9) Ui ^ x3 g Ui + h.
Then by (2-19), -Kx3<l, so that (3-10) x\ -1 < 0.
By (3) (4) (5) (6) (7) (8) (9) , Um-i(x) has the zero «,-in the interval [x3 -h, x3]. By (2-20),
this is the only zero in that interval. Hence, Um-i(x^ -h) and Um-i (x3) have opposite signs or one of them vanishes. Combining this fact with (3-10), we conclude that F2m(x3) ^ C2m also. Conversely, suppose that F2m(x0)^C2m for some point x0 inside ( -1, 1) . Then by (3-4), c7m_i(xo) and I/m_i(xo -h) must have opposite signs or one of them must vanish. Hence, f/m_i(x) has a zero «,-such that Xo -h^Ui^x0.
But then, u^Xo^Ui+h, which completes the proof.
Next, we note that by , (2-15.1) and by , (2-15.2),
From the second of these we find by (2-7), (2-8) and , (3) (4) that
This establishes the difference equation, (x +2h+ l)(x + 2h -l)A°F*(x) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) + [2(x + h + 1)(* + h -1) -k2h2]A2hTkix)
for k = 2m. This equation holds for k = 2m + l as well. The proof in that case utilizes the first of equations (3) (4) (5) (6) (7) (8) (9) (10) (11) and (2-5), (2-6), , .
4. The minimax problem. We are now ready to establish the minimax property of the polynomials Ftft)(x). Then by (4-4), Tk(x,)-q(Xj) would have the sign of Tk(xf)-namely, positive for j=k (mod 2) and negative for jfik (mod 2). Hence by (4-3), Tk(x)-q(x) changes sign k times in the interval [-1, +l] . But this is impossible, since Tk -q is a polynomial of degree less than k. Consequently, (4-5) is false; so we have
and the proof is complete. As pointed out by the referee, the proof may be slightly modified to show that strict inequality holds in (4-2) unless q is Tf\ Instead of (4-5) we suppose that |g(x)| SC" 0 = 0,1, ■ ■ ■ ,k).
Our conclusion then is that Fjt(x) -g(x) has at least k zeros (not necessarily distinct) in [ -1, +l] 
